




    

The structure and the representations of the
derivation
Lie algebras over the quantum torus
   
!"#$%&' ()* #+
,-./01' 2 3 . /
4 5 & 6' 7 8 9 .
:;<=>?'
2005 @ 3 A
:;BC>?'
2005 @ 5 A


















The structure and the representations of the




Supervisor: Professor Shaobin Tan
Speciality: Infinite dimensional Lie algebra
Institution: College of Mathematics Science
Xiamen University















Q R S T U V
WXYZ[\X]^_`abcde
f g h
i j k l
m













































. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .v¶´µ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .viii·¸
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
¹º»¼ ½¾¿ÀÁÂ¾ÃÄÅÆÇÈ
¹ºÉ ½¾¿ÀÁÊÂ¾ÃÄÅÆÇÈ
§1.0 ËÌ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .8
§1.1 ÍÎÏ Der(Cq)- Ð . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
§1.2 Γ ÑÒÓÔÕÖ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
§1.3 ×Ø Der(Cq)- Ð . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .20
§1.4 Ù×Ø Der(Cq)- Ð . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
§1.5 Der(Cq)- ÐÒÚÛ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33¹ÜÉ ½¾¿ÀÁ
skew
Â¾ÃÄÅÆÇÈ
§2.0 ËÌ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .39
§2.1 skew ÝÎÞßàáâãä . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
§2.2 Γ ÑÒÓÔÕÖ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
§2.3 Lq- Ð F αg (V ) ÒÎÐÒåæ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
§2.4 Lq- Ð F αg (V ) ÒÚÛ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53





nonzero level Harish-Chandra ëÆ¼é
§3.0 ËÌ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .61
§3.1 Virasoro-like ßàÒ q- ìíßàÑÒîÐ . . . . . . . . . . . . . . . . . . . 63





















§4.1 L′q Ò÷øùúû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
§4.2 L′q Ï L′q ÒÝÎ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .102¹üÉ ½¾¿ÀÁ
skew
Â¾ÃÄÅÆýñþÿö ýñ
§5.0 ËÌ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
§5.1 Lq Ï L′q ÒçÛì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
§5.2 Þßà L′q Ï Lq ÑÒçÛ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
§5.3 L′q Ï Lq ÒçÛÒÚÛ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132	
öÇÆ
. . . . . . . . . . . . . . . . 147















Abstract (in Chinese) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
Abstract (in English) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii
Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
Part one The representations of the derivation Lie
algebras over the quantum torus
Chapter one The representations of the total
derivation Lie algebras over the quantum torus
§1.0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
§1.1 Functors and Der(Cq)-modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
§1.2 Equivalence relation on Γ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
§1.3 Regular Der(Cq)-modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
§1.4 Irregular Der(Cq)-modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
§1.5 Structure of the Der(Cq)-modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
Chapter two The representations of the skew
derivation Lie algebra over the quantum torus
§2.0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
§2.1 The skew derivation Lie algebra and its representations. . . . . . .41
§2.2 Equivalence relation on Γ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
§2.3 The properties of the submodules of the Lq-modules F
α
g (V ) . . 47
§2.4 The structure of the Lq-modules F
α
g (V ) . . . . . . . . . . . . . . . . . . . . . . 53
§2.5 The isomorphisms of the Lq-modules F
α
g (V ) . . . . . . . . . . . . . . . . . . 56
Chapter three The classifications of nonzero level
Harish-Chandra modules over the q-analog of the
Virasoro-like algebra
§3.0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61














§3.2 The classification of the nonzero level Harish-Chandra modules69
Part two The structure of the skew derivation Lie
algebras over the quantum torus
Chapter four The universal central extension and
the derivation Lie algebra of the skew derivation
Lie algebras over the quantum torus
§4.0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
§4.1 The universal central extension of L′q . . . . . . . . . . . . . . . . . . . . . . . . . 85
§4.2 The derivation Lie algebra of L′q and L
′
q . . . . . . . . . . . . . . . . . . . . . 102
Chapter five The isomorphism and automorphism
groups of the skew derivation Lie algebras over the
quantum torus
§5.0 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
§5.1 The isomorphic classes of Lq and L
′
q . . . . . . . . . . . . . . . . . . . . . . . . .108
§5.2 The isomorphism of Lie algebras L′q and Lie algebras Lq . . . . . 124
§5.3 The structure of automorphism groups of L′q and Lq . . . . . . . . .129
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
Papers published or accepted for publication . . . . . 147

















)*+,-. Kac-Moody ßàáâãä/à0Ï12Ò34ï5ø6789:;<. Kac-Moodyßà=>?@ABCDEFàGÑ7HBIÞßàÒ4JKÒ÷øùúû-LMNO-PQRISTÒUV4JKCWâXYßà<ISTÒUV4JKCÒÝÎÞßàZWWittßà-[WittßàÒ÷øùúûZW Virasoroßà<Virasoro ßàÒãä/. Kac-MoodyßàÒ
=\ÐÒÛ]áâÚÛï^Ï=\ÐÒïìø_`a89Òbc (d [GoO] Ï
[GoP])
<çe- Virasoro ßàÒ Unitary ãä/ moonshine module RáfghÎßàÒÛ]ÏÚÛï^øL734:; (d [FLM]) <ij- VirasoroßàÒãä/2k12Ò string 2køLlEmn÷op (d [GSW]) -qrÑ-Virasoro ßàst/uvw7xyzSTÒ 2 Be{2kø<|i=d-ÞßàÒXYßàÒÝÎÞßàáâøùúû/ÞßàÒãäÒopø}a89~;-çeP/à0Ï2k12øL734:;<~W. Kac-Moody ßàÒn- [H-KT] Ëmúû.Þßà EALAs Ò<- [BGK] Ï [AABGP] Ò~úû.Þßàïìe-PQzáE4STÒUV4JKXYßà-áEÒßà Jordan ßàáTÎCDXYßà<
TÎCDtm4STÒUV4JKCWâ-çeTÎCDÒÝÎÞßàtmA Jordan W  (d [T2]) <ij-
toroidal



















/Í F αg ¿ó F αg (V (ψ, b)), / (ψ, b) zôõ (δk, k) ö (0, b) e-6Nà´=è<[ (ψ, b) ôõ (δk, k) ö (0, b) ÷y-ÀQøÜÝ F αg (V (ψ, b))z=èù£<©¹°útm Rao  [E2] Ô°ú<û°kü²/
Journal of Algebra, 275 (2004), 250-274
<
/º»¹-ÀQýTCD¢ skew  Lq -þ±]m
@ sld- £E Lq- £AÌÍ F αg <ÿa-ÀQop¶¼STTCD¢
skew
 Lq £ F αg (V ) < -ÀQÜÝ F αg (V ) °±àáâã½äåm¿Ç°ku7HB sl2- £ V ¡ W , ú q N p ©IÚÛ- Lq- £
F αg1(V ) æ F βg2(W ) 	±
9N
α− β ∈ Γ, g2(s) ≡ f(α− β, s)g1(s), ∀ s ∈ Γ
[
sl2- £ V æ W 	±<|õ¶¼STTCD¢ skew  Lq tm Virasoro-like
¡P q- W -ÀQ°útmå¡/ [ZZ]Ô·µ°ú<û°ú²/ 0 d [LiT2] <
/º¾¹-ÀQm q- Virasoro-like¢Ô~;  Harish-
Chandra £µ¤¥-É9äåm¿!"¼°k




q-  Virasoro-like ¢uA n#$Þ£ V - V N
Harish-Chandra £
9N%/ He1 ¢A¼&'(2 3.2.11 )*+Í ψ ,l V 'M(e1, e2, Aψ) <
(3)

q-  Virasoro-like ¢uAÔ~; £ V - VN
Harish-Chandra £
9N%/ He1 ¢A¼&'(2 3.2.11 )*+Í ψ ,l V 'M(e1, e2, Aψ) <
Virasoro-like ÀQLäåm°ú-Î°ú²/ Jour-
nal of Pure and Applied Algebra d [LiT5] -
.¶¼STTCD¢ skewW Lq -þ/ [Lq, Lq] = L′q <

















-@[lEm L′q +Ô5 L′q <ÿa-ÀQop L′q ¡ L′q <©¹°ú²/ Communication in Algebra d [LiT1] -
/º¸¹-ÀQop Lq ¡ L′q 	±67¡8	±2-þäåm¿Ç°k
(1) ú σ : L′q1 −→ L′q2 NA¼&	9- σ NA¼µ	9<
(2) Lq1
∼= Lq2 ö L′q1 ∼= L′q2 Õ:Õ q1 = q2 ö q1 = q−12 .
(3) ú; Lq ¡ L′q 8	±2µ<.W AutLq ¡ AutL′q -
AutLq ∼= GL2(Z) ∝ (C
∗ × C∗) ∼= AutL′q.
©º»·µ°únm [JM1] ¡ [JM2] °úþtm¢Ç¶=¹Ô°ú<
>?@TCDskew 5çáÞn#$Þ£Virasoro-















It is well known that affine Kac-Moody algebras and their representations
play important roles in many branches in both mathematics and theoretical
physics. Affine Kac-Moody algebras can be viewed as certain central exten-
sions of the Lie algebras of polynomial maps of an one dimensional torus
into finite dimensional simple Lie algebras over the field of complex num-
bers. That is, they used Laurent polynomial ring in one variable as their
coordinates. The derivation Lie algebra of Laurent polynomial ring in one
variable is called the Witt algebra, and the universal central extension of
the Witt algebra is called the Virasoro algebra. The representations of the
Virasoro algebra play crucial roles in the construction and the analysis of the
structure of the integrable modules of affine Kac-Moody algebras (see [GoO]
and [GoP]). Meanwhile, the unitary representations of the Virasoro algebra
have many important applications in the construction and the analysis of
the structure of the moonshine modules and the vertex operator algebras
(see [FLM]). In addition to these, the representations of the Virasoro algebra
have been studied extensively in the context of string theories in theoretical
physics (see [GSW]). In fact, the Virasoro algebra is relevant in the theory of
two dimensional space-time which possesses a comformal invariance. From
the above facts, one can see that the derivation Lie algebras of the coordinate
algebra of the infinite dimensional Lie algebras and their central extensions
have many important applications in the study of the representation theory
of Lie algebra. Moreover, they have many applications in both mathematics
and theoretical physics.
The extended affine Lie algebras (EALAs for short) were first intro-
duced in the paper [H-KT] as a natural generalization of affine Kac-Moody
algebras. One motivation for this work was from quantum gauge theories.
Subsequently, in [BGK] and [AABGK], it becomes clear that EALA’s allow
not only the multiple variables Laurent polynomial rings as their coordinate
algebras but also certain alternative and Jordan algebras and the quantum
torus as their coordinate algebras.















as its special case, and the derivation Lie algebra of the quantum torus con-
tains the derivation Lie algebra of certain Jordan algebras as its subalgebras
(see [T2]). Meanwhile, it is proved that the classifications of the integrable
modules over the toroidal Lie algebras and some EALAs can be reduced to
the classification of the modules over the derivation Lie algebras of their
coordinate algebras (see [E8], [EJ] and [E3]). Therefore, we focus our atten-
tions on the structure and the representations of the derivation Lie algebra
of quantum torus in this thesis. The thesis contains two parts. The first part
consists of three chapters, and is devoted to the study of the reprtesenta-
tions of the derivation Lie algebra over the quantum torus, while the second
part consists of two chapters, and is devoted to the study of the structure of
the skew derivation Lie algebra over the rank two quantum torus. Now we
describe our main contents in more detail.
Let Der(Cq) be the derivation Lie algebra of the quantum torus Cq.
In chapter one, we construct a class of functors F αg from gld-modules to
Der(Cq)-modules, which give a large class of Der(Cq)-modules containing
some modules constructed by Guangyu Shen in [S1], and the modules con-
structed by Larsson in [L1] and Rao in [E2] as special cases. We also give
a complete description of the structure of the Der(Cq)-modules when the
entries of the quantum torus matrix are roots of unity. We show that for any
irreducible gld-module V (ψ, b) corresponding to the dominant integral weight
ψ, F αg (V (ψ, b)) is completely reducible Der(Cq)-modules when (ψ, b) does not
equal to the fundamental weights (δk, k) or (0, b). When (ψ, b) equals to the
fundamental weights (δk, k) or (0, b), we also give the irreducible quotient
modules of F αg (V (ψ, b)). Our results contain the results obtained in [E2] as
special cases. The results of this chapter is published in Journal of Algebra,
275 (2004), 250-274.
In chapter two, we introduce the definition of the skew derivation Lie
algebra Lq of the quantum torus Cq and construct a large class of funtors F
α
g
from sld-modules to Lq-modules. Then we focus our study on the structure














two quantum torus. We describe the structure of the Lq-modules F
α
g (V ),
and show the following result:
for any finitely dimensional sl2-module V and W , if q is a p-th root of
unity, then Lq-module F
α
g1
(V ) isomorphic to F βg2 if and only if
α− β ∈ Γ, g2(s) ≡ f(α− β, s)g1(s), ∀ s ∈ Γ
and sl2-module V isomorphic to W .
Since the skew derivation Lie algebra Lq of rank 2 quantum torus con-
tains the Virasoro-like algebra and the q- analog of the Virasoro-like algebra
as its special cases, our results contain the results in [ZZ] as spcial cases.
The results of this chapter will be published in Advances in Mathematics
(Chenese)(see [LiT2]).
In chapter three, we study the classification of the nonzero level Harish-
Chandra module over the q-analog of the Virasoro-like algebra. Mainly, we
prove the following results.
(1) A nonzero level Harish-Chandra module over the q-analog of the
Virasoro-like algebra is a generalized highest weight module.
(2) A nontrivial generalized highest weight module V over the q-analog
of the Virasoro-like algebra is a Harish-Chandra module if and only if there
exists a linear function ψ over He1 with the property in Theorem 3.2.11 such
that V 'M(e1, e2, Aψ), up to a twist of automorphism of L̂.
(3) A nonzero level module V over the q-analog of the Virasoro-like
algebra is a Harish-Chandra module if and only if there exists a linear
function ψ over He1 with the property in Theorem 3.2.11 such that V '
M(e1, e2, Aψ), up to a twist of automorphism of L̂.
We prove similar results for the Virasoro-like algebra, which will be
published in Journal of Pure and Applied Algebra (see [LiT5]).
Denote the skew derivation Lie algebra over the rank 2 quantum torus
by Lq, and set [Lq, Lq] = L
′
q. In chapter four O we show that the second
cohomology group H2(L′q,C) of the Lie algebra L
′
q is 2-dimensional. More-
over, we obtain the universal central extension L′q of L
′
q, and the derivation

















The results of this chapter will be published in Communication in Al-
gebra (see [LiT1].
In chapter five O we study the isomorphism and the structure of the
automorphism group of Lq and L
′
q. We prove the following results.
(1) If σ : L′q1 −→ L
′
q2
is an epimorphism of Lie algebras, then σ is a
graded homomorphism.
(2) Lq1
∼= Lq2 or L
′
q1
∼= L′q2 if and only if q1 = q2 or q1 = q
−1
2 .
(3) Denote the automorphism group of Lq and L
′




AutLq ∼= GL2(Z) ∝ (C
∗ × C∗) ∼= AutL′q,
Our results in part two of this thesis generlize the results of [JM1] and
[JM2].
Key words: Quantum torus, skew derivation Lie algebra, Dominant
integrable weight, Generalized highest weight module, the Virasoro-like al-
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